The atom-bond connectivity (ABC) index is one of the recently most investigated degree-based molecular structure descriptors, that have applications in chemistry. For a graph G, the ABC index is defined as uv∈E(G)
Introduction and some related results
Molecular descriptors [26] are mathematical quantities that describe the structure or shape of molecules, helping to predict the activity and properties of molecules in complex experiments. Among them, the graph topological indices [10] play a significant role. In 1998, Estrada et al. [13] proposed a new vertex-degree-based graph topological index, the atom-bond connectivity (ABC) index, and showed that it can be a valuable predictive tool in the study of the heat of formation in alikeness. Later, the physico-chemical applicability of the ABC index was confirmed and extended in several studies [9, 12, 17, 20] .
Let G = (V, E) be a simple undirected graph of order n = |V | and size m = |E|. For v ∈ V (G), the degree of v, denoted by d (v) , is the number of edges incident to v. Then the atom-bond connectivity index of G is defined as
As a new and well motivated graph invariant, the ABC index has attracted a lot of interest in the last several years both in mathematical and chemical research communities and numerous results and structural properties of ABC index were established [3, 4, 5, 6, 7, 8, 14, 18, 19, 22, 27, 29, 30, 31] .
The fact that adding an edge in a graph strictly increases its ABC index [7] (or equivalently that deleting an edge in a graph strictly decreases its ABC index [3] ) has the following two immediate consequences. Corollary 1.1. Among all connected graphs with n vertices, the complete graph K n has maximal value of ABC index. Corollary 1.2. Among all connected graphs with n vertices, the graph with minimal ABC index is a tree.
Although it is fairly easy to show that the star graph S n is a tree with maximal ABC index [14] , despite many attempts in the last years, it is still an open problem the characterization of trees with minimal ABC index (also refereed as minimal-ABC trees). To accomplish that task, besides the theoretically proven properties of the trees with minimal ABC index, computer supported search can be of enormous help. A good example of that is the work done by Furtula et al. [15] , where the trees with minimal ABC index of up to size of 31 were computed. There, a brute-force approach of generating all trees of a given order, speeded up by using a distributed computing platform, was applied.
Here, we improve the computer search in two ways. Firstly, we consider only the degree sequences of trees. We would like to stress that the number of degree sequences of a given length n is significantly smaller than the number of all trees of order n. For example, the number of trees with 32 vertices is 109 972 410 221 [25] , while the number of degree sequences of length 32 is 5604 (see Table 1 ). Secondly, to speed up the computation, we generate only degree sequences of trees that correspond to some known structural properties of the trees with minimal ABC index (Propositions 3.1, 3.2 and 3.3 from Section 3 ). Thus, using a single PC, we have identified all trees with minimal ABC of order up to 2000. The obtained results strengthen the believe that some conjectures are true and reject other conjectures.
In the sequel, we present some additional results and notation that will be used in the rest of the paper. A vertex of degree one is a pendant vertex. As in [19] , a sequence of vertices of a graph G, S k = v 0 v 1 . . . v k , will be called a pendant path if each two consecutive vertices in
Let D n be the set of all degree sequences of trees of length n.
In [28] Wang defined a greedy tree as follows.
. Suppose the degrees of the non-leaf vertices are given, the greedy tree is achieved by the following 'greedy algorithm':
1. Label the vertex with the largest degree as v (the root). The following result by Gan, Liu and You [16] characterizes the trees with minimal ABC index with prescribed degree sequences. Theorem 1.3. Given the degree sequence, the greedy tree minimizes the ABC index.
The same result as in Theorem 1.3, using slightly different notation and approach, was obtained by Xing and Zhou [29] . Since the Theorem 1.3 plays a crucial role in our computation, the first important issue is how efficiently to enumerate degree sequences of trees. This problem is considered in the next section.
Enumerating degree sequences of trees
There exist several algorithms for enumerating degree sequences of graphs. A comprehensive source of references of such algorithms can be found in [21] . Clearly, each of those algorithms can be used for enumerating degree sequences of trees just by considering only the degree sequences with sum of degrees equals to 2n − 2, where n is the length of the degree sequences. However, this is not an efficient approach, because most of the generated degree sequences are not degree sequences of trees. For an illustration, the number of all degree sequences of length 29 is 2 022 337 118 015 338 [24] , while the number of degree sequences that correspond to trees of order 29 is 3010 (see Table 1 ). Thus, it is not a surprise that the largest reported enumerated degree sequences of graphs was only of length 29, with running time of 6733 days, distributed to 200 PCs containing about 700 cores [21] . Since we are not aware of an algorithm specialized only for enumerating degree sequences of trees, we present such an algorithm in this section. Our algorithm is related to the algorithm of enumerating degree sequences of graphs presented by Ruskey et al [23] , and exploit the so called "reverse search", a term originated by Avis and Fukuda [1] . Therefore, in the sequel, we will adopt the notation used in [23] . The main result, on which our algorithm is based, is the following characterization of a degree sequence of a tree.
, is the degree sequence of a tree if and only if
) is the degree sequence of a tree, where
Proof. Let T C be a tree with degree sequence
To prove the easier direction of the equivalence, just add d n−m − 1 pendant vertices to a pendant vertex of T C , obtaining a tree T D . The degree sequence that corresponds to
The other direction of the equivalence, we prove as follows. 
By Theorem 2.1 and definition od the function f i , we have the following two corollaries. 
Corollary 2.2. For i > 0 and D
The following example illustrates Corollary 2.3:
One may straightforwardly implement Corollary 2.3 using recursion to enumerate degree sequences of trees. Our C++ implementation was run on 2, 3 GHz Intel Core i5 processor with 4GB 1333 MHz DDR3 RAM. The performance of the algorithm is presented in Table 1 . The time needed for generating a degree sequence indicates that algorithm runs in constant amortized time, so the total running time of the whole program is O(S(n)). Similarly as in the case of general graphs [23] , it may be rather difficult to determine the precise complexity of the algorithm as function of n, which remains an open problem.
We have tested and analyzed our enumeration algorithm of degree sequences up to n = 140, for which the algorithm ran about 21 hours. On our single processor platform, we would expect that for enumerating degree sequences of length 160 will run about 7 days. One can Table 1 : Performance of the algorithm for enumerating degree sequences of trees. For degree sequences of length n, S(n) denotes the number of degree sequences, T (n) denotes the total running time and S(n)/T (n) denotes the amortized running time for generating a sequence. improve the computation by considering the distribution of the graphical sequences according to their first element. That can help to design an algorithm that computes the new values of S(n) by slicing of the computations belonging to a given value of n, similarly as it was done in [21] . Having all degree sequences of a particular length, in the next section we proceed to determine the trees with minimal ABC index.
Trees with minimal atom-bond connectivity index
Our algorithm of identifying the trees with minimal ABC index is comprised of the following steps:
1. Enumerate all degree sequences as described in Section 2.
2. Find corresponding 'greedy trees' for each generated degree sequence applying Theorem 1.3.
3. Calculate the ABC index of each 'greedy tree' and select the tree with minimal value.
Computationally, step 1. is the most expensive one, and as pointed in Section 2, it can be parallelized to some extend to run in distributed framework. Steps 2. and 3. can be implemented straightforwardly and there computational cost is linear with the respect to the length of the degree sequence. Although this approach is computationally superior to the computer assisted search presented in [15] , it can be considerably improved by enumerating only the degree sequences that satisfy the following structural properties of the minimal ABC trees.
Proposition 3.1 ( [19] ). If n ≥ 10, then the n-vertex tree with minimal ABC index does not contain pendent paths of length k ≥ 4.
Proposition 3.2 ([19]
). If n ≥ 10, then the n-vertex tree with minimal ABC index contains at most one pendent path of length k = 3.
Proposition 3.3 ([22]
). If n ≥ 10, then each pendent vertex of the n-vertex tree G with minimal ABC index belongs to a pendent path of length k, 2 ≤ k ≤ 3.
Considering all these results, that reduce significantly the number of degree sequences, we have implemented an algorithm that identifies trees with minimal ABC index. On our single processor platform, we have calculated all trees with minimal ABC index of order up to 2000 in about 13 days. All obtained trees with minimal ABC index are summarized in Figures 1 and 2 . For the sake of completeness, we include also the results for 7 ≤ n ≤ 31, which were already obtained in [15, 19] . For n ≤ 6, the minimal ABC trees are paths P n and they are omitted in the figures.
The obtained results lead to disprovement of some existing conjectures. The plausible structural computational model and its refined version in [15] , is based on the main assumption that the minimal ABC tree posses a single central vertex, or said with other words, it is based on the assumption that the vertices of a minimal ABC tree of degree ≥ 3 induce a star graph. The configuration T 4 in Figure 3 , for n ≡ 4 (mod 7) and n ≥ 312, is an counterexample to that assumption.
Also the configuration T 2 in Figure 3 indicates different structure of the minimal ABC trees, in the case when n ≡ 2 (mod 7) and n ≥ 1185, than the structure suggested for this case in [15, 18] .
As a consequence to these counterexamples, we present a revised version of the conjecture by Gutman and Furtula [18] about the trees with minimal ABC index. Our computations support the new conjecture in the cases when the order of a tree is up to 2000. Conjecture 3.1. Let G be a tree with minimal ABC index among all trees of size n.
(i) If n ≡ 0 (mod 7) and n ≥ 175, then G has the structure T 0 depicted in Figure 3. (ii) If n ≡ 1 (mod 7) and n ≥ 64, then G has the structure T 1 depicted in Figure 3. (iii) If n ≡ 2 (mod 7) and n ≥ 1185, then G has the structure T 2 depicted in Figure 3. (iv) If n ≡ 3 (mod 7) and n ≥ 80, then G has the structure T 3 depicted in Figure 3. (v) If n ≡ 4 (mod 7) and n ≥ 312, then G has the structure T 4 depicted in Figure 3. (vi) If n ≡ 5 (mod 7) and n ≥ 117, then G has the structure T 5 depicted in Figure 3. (vii) If n ≡ 6 (mod 7) and n ≥ 62, then G has the structure T 6 depicted in Figure 3 .
The obtained computational results also indicate the following extension of the Proposition 3.2. n = 7 n = 21 n = 28 n = 161, 168
Case n ≡ 1 (mod 7)
Case n ≡ 2 (mod 7) n = 9 n = 16 n = 23 n = 37 n = 30 n 7 − 6 n = 43, 50, 57
for 175 ≤ n ≤ 1995 see the configuration T 0 in Figure 3 for 64 ≤ n ≤ 1996 see the configuration T 1 in Figure 3 Case n ≡ 3 (mod 7)
for 80 ≤ n ≤ 1998 see the configuration T 3 in Figure 3 Case n ≡ 4 (mod 7) n = 10 n = 17 n = 24 n = 31 n = 11 n = 18, 25, 32, 39
for 312 ≤ n ≤ 1999 see the configuration T 4 in Figure 3 Case n ≡ 5 (mod 7)
for 117 ≤ n ≤ 2000 see the configuration T 5 in Figure 3 n = 12 n = 26 53 ≤ n ≤ 305
Case n ≡ 6 (mod 7)
for 62 ≤ n ≤ 2001 see the configuration T 6 in Figure 3 n = 13 n = 20 n = 27, 34 
Conjecture 3.2.
A minimal ABC tree of order n > 1178 does not contain a pendant path of length three.
We would like to note that our computations show only minor violation of the assumption about the central vertex. This strengthen the already existing believe, supported also by the computational model in [15] , that the minimal ABC tree is unique, for trees of order larger than 168.
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